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Abstract 

> . 

For the zero-range interaction providing a given mass M<i of the two-body bound state, 
the mass M3 of the relativistic three-boson state is calculated. We have found that the 

■ three-body system exists only when M2 is greater than a critical value M c ~ 1.43 m (m is 

the constituent mass). For M2 = M c the mass M3 turns into zero and for M2 < M c there 

\ is no solution with real value of M3. 

PACS numbers: 21.45.+v,03.65.Pm,11.10.St 

Zero-range two-body interaction provides an important limiting case which qualitatively 
reflects characteristic properties of nuclear [0 and atomic few-body systems. In the non- 
relativistic three-body system it generates the Thomas collapse pi. The latter means that the 
three-body binding energy tends to —00, when the interaction radius tends to zero. Several 
ways to regularize this interaction have been proposed in the literature [|, [J. 

When the binding energy or the exchanged particle mass is not negligible in comparison 
to the constituent masses, the nonrelativistic treatment becomes invalid and must be replaced 
by a relativistic one. Two-body calculations show that in the scalar case, relativistic effects 
are repulsive (see e.g. ||). Relativistic three-body calculations with zero-range interaction 
have been performed in a minimal relativistic model |7| and in the framework of the Light- 
Front Dynamics f|. In these works it was concluded that, due to relativistic repulsion, the 
three-body binding energy remains finite and the Thomas collapse is consequently avoided. 

In the present paper we reconsider, in the Light-Front Dynamics approach, the problem 
of three equal mass (m) bosons interacting via zero-range forces. We will show that instead 
of the Thomas collapse, its relativistic counterpart takes place. Namely, when the two-body 
bound state mass M 2 decreases, the mass M 3 of the three-body system decreases as well and 
vanishes at some critical value of M2 = M c « 1.43 m. For M2 < M c there are no solutions 
with real value of M3 what means - from physical point of view - that the three-body system 
collapses. 

Our starting point is the explicitly covariant formulation of the Light-Front Dynamics (see 
for a review M). The wave function is defined on the light-front plane given by the equation 
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Figure 1: Three-body equation for the vertex function T. 



io-x = 0, where uj is a four-vector with u 2 = 0, determining the light-front orientation. In the 
particular case uj = (1, 0, 0, —1) we recover the standard approach |I| [TT[| . 

The three-body equation is represented graphically in figure |]. It concerns the vertex 
function T, related to the wave function ip in the standard way: 



ip(kx,k 2 ,k 3 ,p, ujt) 



r(fci,fc 2 ,fc 3 ,p, ujt) 
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(fci + A; 2 + A; 3 ) 2 = (p + cor) 2 . 



All four-momenta are on the corresponding mass shells ik 2 = m 2 ,p 2 = M 3 , {ujt) 2 = 0) 
and satisfy the conservation law k\ + hi + &3 = p + cur involving cur. The four-momenta ujt 
and cut' are drawn in figure [l] by dash lines. The off-energy shell character of the wave function 
is ensured by the scalar variable r. In the standard approach, the minus- components of the 
momenta are not conserved and the only non-zero component of uj is uj_ — Uq—u z = 2. Variable 
2r is just the non-zero difference of non-conserved components 2r = ki- + k 2 - + k 3 - —p— 

Applying to figure [3] the covariant light-front graph techniques |J , we find: 
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where = ym 2 + k 2 . For zero-range forces, the interaction kernel is replaced by a constant 
A. In (jl]) the contribution of interacting pair 12 is explicitly written while the contributions of 
the remaining pairs are denoted by (23)1 + (31)2. 

Equation ([!]) can be rewritten in variables Ri±,Xi, (i = 1,2,3), where Ri± is the spatial 
component of the four- vector Ri = k^ — Xip orthogonal to uj and Xi = || . For this aim we 
insert in r.h.-side of ([!]) the unity integral 
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and recover the usual three-body space volume which, expressed in the variables (Ri±, reads 
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The Faddeev amplitudes 1^- are introduced in the standard way: 

r(i, 2, 3) = r 12 (i, 2, 3) + r 23 (i, 2, 3) + r 31 (i, 2, 3), 

and equation (JI]) is equivalent to a system of three coupled equations. With the symmetry 
relations r 2 3(l,2,3) = r 12 (2,3, 1) and r 31 (l,2,3) = r 12 (3, 1,2), the system is reduced to a 
single equation for one of the amplitudes, say Ti 2 . 



In general, T 12 depends on all variables (Ri 



X j 



constrained by the relations -Ri_l + -R 2 j_ + 



i?3_L = 0, x\ + x 2 + X3 = 1, but for contact kernel it depends only on [Rz^x^ 
(H) results into: 



]. Equation 



T 12 (R±,x) 
in which 



A 



(27T) 



T 12 (R ± , x) + 2r 12 (R' L - x'R ±1 x'(l- x 



1 



d 2 R' t dx' 



'12 



M? 2 2x'(l - x 



7v ( 2 ) 



R'l + m 2 
x'(l — x') 



S 12 



(k[ + k 



1 \2 



is the effective on shell mass squared of the two-body subsystem, whereas M\ 2 = (k[ + k' 2 
ojt') 2 = (p — k 3 ) 2 corresponds to its off-shell mass. It is expressed through Mf, R? ±1 x as 
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These on- and off-shell masses s' l2 and Mf 2 differ from each other, since k[ + k' 2 + k^ 7^ p. On 
the energy shell, at t' = 0, the value M\ 2 turns into s' 12 , what is never reached for a bound 
state. 

Since the first term r 12 (i?x,^) m the integrand does not depend on the integration vari- 
ables, we can transform (U) as: 
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The integral (^) diverges logarithmically and we implicitly assume that a cutoff L is introduced. 

The value of A is found by solving the two-body problem with the same zero-range inter- 
action under the condition that the two-body bound state mass has a fixed value M 2 . From 
that we get A -1 = J(M 2 ) with I given by (|5]). It also diverges when the momentum space 
cutoff L tends to infinity (or, equivalently, the interaction range tends to zero). However, 
the difference A -1 — J(M 12 ) = I(M 2 ) — 7(M 12 ) converges in the limit L — > 00. The factor 
F(M 12 ) = 1/[J(M 2 ) — J(M 12 )] gives the two-body off-shell scattering amplitude, depending 
on the off-shell two-body mass M 12 , without any regularization. For < M 2 2 < 4m 2 the 
calculation gives: 
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where Um 12 — ^j^ 2 M T anc ^ siixiilarly for um 2 - If M 2 2 < 0, the amplitude obtains the form: 
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where y '^ = ^-ui - 

Finally, the equation for the Faddeev amplitude reads: 

r (R r)- F(M ) 1 fdr* f°° ? 12 (R> ± , x> (I - x)) d 2 R' ± 

The three-body mass M3 enters in this equation through variable Mf 2 , defined by (0). 
By replacing x'(l — x) — > x', equation (||) can be transformed to 

1 ri—x dx 1 r°° d^ ¥}' 

r 12 (R ± , x) = F ( M 12) — 3 l Al _ x _ xl) J o j^T^,*), (7) 



where 



, 2 _ R'l + m 2 R\ + m 2 (R' ± + R ± ) 2 + m 2 
x' x 



This equation is the same than equation (11) from || except for the integration limits of 
(R'±,x f ) variables. In 0] the integration limits follow from the condition Mf 2 > 0. They read 

1— x /•k rnax 

^ [..]dx> r i-..]d 2 R> ± (8) 







with }f£ ax = y (1 — x')(M 2 x' — m 2 ) and introduce a lower bound on the three-body mass 

M 3 > V2m. The same condition, though in a different relativistic approach, was used in M. 
The integration limits in (ffl) restrict the arguments of Ti2 to the domain 
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and can be considered as a method of regularization. In this case, one no longer deals with the 
zero-range forces. 

Being interested in studying the zero-range interaction, we do not cut off the variation 
domain of variables R± , x 

< x < 1, < R± < 00. 

The integration limits for these variables reflect the conservation law of the four-momenta in 
the three-body system and they are automatically fullfilled, as far as the £( 4 )-function in ([!]) is 
taken into account. The off-shell variable Mf 2 may take negative values, when R± and x vary 
in their proper limits. Thus, if M 2 > m 2 one has —00 < M 2 2 < (M 3 — m) 2 but if Mf < m 2 , 
Mf 2 is always negative — 00 < M 2 2 < 0. We would like to notice that M\ 2 is not to be confused 
with the on-shell effective mass squared s' l2 = (k[ + k' 2 ) 2 which is indeed always positive and 
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Figure 2: (a) Three-body bound state mass M 3 versus the two-body one M 2 (solid line). Results 
obtained with integration limits (|8|) are in dash line. Dots values are taken from |12|. (b) Zoom 
of the zero two-body binding region (M 2 — ► 2m, B 2 — > 0) displaying solid line only. 



even s' l2 > 4m 2 . As we will see, this point turns out to be crucial for the appearence of the 
relativistic collapse. 

The results of solving equation (^) are presented in what follows. Calculations were carried 
out with constituent mass m = 1 and correspond to the ground state. We represent in fig. 0a 
the three-body bound state mass M 3 as a function of the two-body one M 2 (solid line) together 
with the dissociation limit M 3 = M 2 + m. The zero two-body binding limit B 2 = 2m — M 2 — > 
is magnified in fig. §b. In this limit the three-boson system has a binding energy B% w 0.012. 

When M 2 decreases, the three-body mass M 3 decreases very quickly and vanishes at 
the two-body mass value M 2 = M c « 1.43. Whereas the meaning of collapse as used in the 
Thomas paper implies unbounded nonrelativistic binding energies and cannot be used here, the 
zero bound state mass M 3 = constitutes its relativistic counterpart. Indeed, for two-body 
masses below the critical value M c , the three-body system no longer exists. 

The results corresponding to integration limits @ are included in fig. |2|a (dash line) for 



comparison. Values given in || were not fully converged [13]. They have been corrected in 



12] and are indicated by dots. In both cases the repulsive relativistic effects produce a natural 



cutoff in equation (^), leading to a finite spectrum and - in the Thomas sense - an absence of 
collapse, like it was already found in [[/J. However, except in the zero binding limit, solid and 
dash curves strongly differ from each other. 

We would like to remark that for M 2 < M c , equation (^) posses square integrable solutions 
with negative values of Mf. They have no physical meaning but Mf remains finite in all the 
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Figure 3: Three-body bound state mass squared Mf versus M 2 . 



two-body mass range M 2 G [0, 2]. The results of M| are given in figure |3|. When M 2 — > 0, Mf 
tends to ~ —11.6. 

In figure |] is shown the Faddeev amplitude Ti2 corresponding to a solution with relatively 
large binding energies M 2 = 1.5 and M3 = 1. Figure [|a shows its _Rj_-dependence at fixed values 
of x and figure ^0 - its x-dependence at fixed values of R± e [0, 20]. One can remark in figure 
||b that, in addition to the zeroes at x = and x — 1, r 12 (-Rj_,x) has two zeroes at x ~ 0.15 
and x ~ 0.7. When the mass values (M 2 ,M 3 ) are changed, the positions of zeroes are only 
slightly shifted. 

10 1 10 i 1 1 1 1 1 1 1 1 1 1 
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Figure 4: Faddeev amplitude Ti 2 for M 2 = 1.5, M3 = 1 (a) as a function of R± at fixed values 
of x and (b) as a function of x at fixed R± values. 
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In summary, we have considered the relativistic problem of three equal-mass bosons, 
interacting via zero-range forces constrained to provide finite two-body mass M 2 . The Light- 
Front Dynamics equation has been derived and solved numerically. 

We have found that the three-body bound state exists for two-body mass values in the 
range M c « 1.43m < M 2 < 2m. At the zero two-body binding limit, the three-body binding 
energy is B 3 « 0.012 m. The Thomas collapse is avoided in the sense that three-body mass M 3 
is finite, in agreement with |7], |8|. However, another kind of catastrophe happens. Removing 
infinite binding energies, the relativistic dynamics generates zero three-body mass M 3 at a 
critical value M 2 = M c . For stronger interaction, i.e. when < M 2 < M c , there are no physical 
solutions with real value of M3. In this domain, Mf becomes negative and the three-boson 
system cannot be described by zero range forces, as it happens in nonrelativistic dynamics. 
This fact can be interpreted as a relativistic collapse. 
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